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Office Hours

Schedule:

Monday 11am-12pm
Wednesday 1-2pm
Friday 10-11am1

1These may occasionally be canceled or shortened, so try and let me know in
advance if you plan to stop by!
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Dynamic Models (ODEs)

Let
dx

dt
= f (x), x(0) = x0

where x(t) ∈ Rn ∀t ∈ R, and f is smooth.

Common Question in Applications:
What are the asymptotic dynamics of this model?

Approach:
(1) Equilibrium Stability Analysis and
(2) Bifurcation Analysis2

2We’ll only briefly see bifurcation theory in this course. For more on the subject, I
highly recommend Dynamical Systems & Chaos by Steve Strogatz.

http://www.stevenstrogatz.com/books/nonlinear-dynamics-and-chaos-with-applications-to-physics-biology-chemistry-and-engineering
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Equilibria

Definition

An equilibrium of
dx

dt
= f (x)

is any constant solution x(t) = x∗ which therefore satisfies

f (x∗) = 0.

In practice, solutions to most models asymptotically approach
an equilibrium point, or other attractor (e.g. a limit cycle).



Announcements Dynamic Models & Analysis

Equilibrium Stability

Theorem

(1D) An equilibrium x∗ of ẋ = f (x) is locally asymptotically stable if

f ′(x∗) < 0

and is unstable if
f ′(x∗) > 0.

Sketch of Proof.

If u = x − x∗, and f is smooth near x∗ then u = 0 is an equilbrium of
u̇ ≈ f ′(x∗) u which has (approximately) exponential solutions that grow
away from (or decay towards) 0 depending on the sign of f ′(x∗).
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Equilibrium Stability

Theorem

An equilibrium x∗ of ẋ = f (x) is locally asymptotically stable (LAS)
if the Jacobian matrix J (where Jij = δfi

δxj
) evaluated at x∗ has eigenvalues

with negative real parts. That is, x∗ is LAS if Re(λi ) < 0 for each of the
n eigenvalues of matrix J(x∗).

Sketch of Proof:
Consider the linear approximation of the vector field around x∗. Then for
a small neighborhood of x∗,

ẋ = f (x) ≈ J(x∗) x.

Let u = x− x∗ and A = J(x∗), then

u̇ ≈ A u

If A is full rank then ...
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Sketch of Proof (cont’d):
... let Q be the matrix whose columns are the eigenvectors of A, and let
D = (λ1, ..., λn). Then doing a standard change-of-coordinates

u̇ =Q D Q−1 u

Q−1 u̇ =D Q−1 u

ẏ =D y

which implies ẏi = λi yi and thus

yi (t) = yi (0) exp(λi t).

Therefore, trajectories that begin sufficiently close to equilibrium x∗
will approximately grow or decay at rate Re(λi ) along the
corresponding eigenvectors of J(x∗).
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Equilbrium Stability

Find all equilibrium solutions to each of the following ODEs:

1.
dx

dt
=K − x

2.
dx

dt
=x (1− x)(a − x)
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Example 4.1 – Two-species Competition

Ḣ = rH H − aH H2 − bH S H

Ṡ = rS S − aS S
2 − bS H S

Predator-Prey

ẋ = r x (1− x)− a x y

k + x

ẏ =
a x y

k + x
− y
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