MATH 420 Homework #5 Due: Weds 7 Oct

Instructions: A printed copy of your homework should be handed in at the start of class
the day it is due. Supplementary electronic files (e.g. R scripts or wxMaxima files;) should
be emailed to the instructor prior to class with file name format: Lastname-hwX.ext

1.

BONUS:

a b

Suppose x(t) = [z1(t), z2(t)]T is a vector in R? and x = Jx, where J = [c d] and

elements a, b, ¢, d € R .

(a) Prove that the general equations for the eigenvalues of a 2x2 matrix are

Af:%<TMJﬁtVTMJP—4Lkﬂﬂ>

using the definition of A; as solutions to det(J — AI) = 0. This can be done by hand or
using a computer algebra system (e.g., Maxima; but don’t just use eigenvalues()).

(b) The associated eigenvectors satisfy Jv; = \; v;, and can be computed as follows:

Ifc#0: V] = Alc_d],w: >\2C_d]
[ b [ b

Ifb%() Vi = _/\1—CL:|’V2_ _)\2—(1:|
1 [0

Ife=b=0: V1:-0:|, V2:-1:|

Compute eigenvalues & eigenvectors for the following cases using the formulas above.

()a=1/10,b=—1,c=1/2, d = —4.
(iia=1,b=1c=—1,d=—-2.
(iii)a=-1,b=1=-1,d=—1

Y

(c) Use those results to determine whether or not the origin (0, 0) is a stable or unstable
equilibrium of the system %X = Jx. If the origin is a saddle (i.e., it’s eigenvectors have
positive and negative real parts) state which are the stable and unstable vectors (aka
the start of the stable and unstable manifolds of the saddle).

(d) For each case in part (b), find the eigenvalues and eigenvectors of J using the
matrix() and eigen() functions in R.

Use Maxima or some other symbolic software to calculate a general formula for the
eigenvalues of a 3x3 matrix (4x47), and submit the results electronically.



2.

(a)

(b)

(c)

In practice, we don’t always need to find eigenvalues to determine equilibrium sta-
bility. The Routh-Hurwitz Criteria are a set of necessary and sufficient conditions
for whether or not the roots of a polynomial have negative real part. You may recall
that the characteristic equation of an nxn matrix A is the n'"-order polynomial
p(z) = det(A — x I), and its roots are by definition the eigenvalues of A.

Routh-Hurwitz Criteria

All roots of the polynomial (with real coefficients ¢;)
p(l') :Cn+cn—1$+"-+clx”_1+xn

have negative real parts if and only if the determinants of all the corresponding
Hurwitz matrices are positive. This result provides an algorithm for computing
stability criteria, which gives these equivalent conditions for small values of n:

n=2 c; >0
n=3 c; >0, crco > c3

n=4 c; >0, creocy > c§+c%c4

Further reading: See Meinsma (1995), Gantmacher (1989), or Ch. 4 of Introduction
to Mathematical Biology by Allen (2007).

The Lorenz equations are a simplification of a fluid dynamics model, that were derived
to illustrate chaotic dynamics by Ed Lorenz in 1963.

b =0 (y - 2) (1a)
y=rr—y—xz (1b)
Z=xy—>bz (1c)

Use the Routh-Hurwitz criteria to find stability conditions (i.e., conditions on the values
of parameters o > 0, b > 0, r > 1) for the equilibrium point

(T, Yuy 24) = (\/br —b, Vbr—b, r— 1)
by completing the following steps:

Find the Jacobian for a general point (z,y, z) for equations (la-1c). This can be done
by hand, or using a computer algebra system (e.g. Maxima).

Evaluate the Jacobian at the given equilibrium point (., ys, 2«), then find its charac-
teristic equation and the coefficients ¢, ¢y, and cs.

Use the Routh-Hurwitz criteria to find parameter conditions for the stability of the
given equilibrium point.


http://wwwhome.math.utwente.nl/~meinsmag/reports/routh.html
http://dx.doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2

